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The Hamiltonian of Intrinsic Time Gravity is elucidated. The theory describes Schro¨dinger evo-
lution of our universe with respect to the fractional change of the total spatial volume. Heat kernel
regularization is employed to demonstrate that Einstein’s Ricci scalar potential emerges naturally
from the simple positive-definite self-adjoint Hamiltonian of the theory.
INTRODUCTION, AND HAMILTONIAN OF INTRINSIC TIME GRAVITY
Quantum geometrodynamics with first-order Schro¨dinger evolution in intrinsic time, i~ δΨδT = HPhys.Ψ, has been
advocated in a series of articles[1–6]. In this work, we elucidate the Hamiltonian of the theory which contains a
Cotton-York term; in addition, heat kernel regularization will be employed to demonstrate the remarkable emergence
of Einstein’s Ricci scalar potential. This yields a hitherto unexplored vista to overcome the many technical and
conceptual obstacles in quantum gravity.
In geometrodynamics, the fundamental degrees of freedom, (qij , π˜
ij), decompose in a manner which singles out
the canonical pair (ln q
1
3 , π˜) which commutes with the remaining unimodular qij = q
− 13 qij , and traceless momentum
variable πij = q
1
3
(
π˜ij − 13qij π˜
)
. Hodge decomposition for compact manifolds yields δ ln q
1
3 = δT +∇iδY i, wherein the
spatially-independent δT is a 3-dimensional diffeomorphism invariant (3dDI) quantity which serves as the intrinsic time
interval of the theory, whereas ∇iδY i can be gauged away since Lδ−→N ln q
1
3 = 23∇iδN i. In fact, δT = 23 δVV = 23δ lnV ,
wherein V is the spatial volume of our universe[3, 4].
The Hamiltonian, HPhys =
1
β
∫
H¯(x)d3x, and ordering of the time development operator U(T, T0) =
T{exp[− i
~
∫ T
T0
HPhys(T
′)δT ′]} are 3dDI provided
H¯ =
√
π¯ijG¯ijklπ¯kl + V [qij ] (1)
is a scalar density of weight one[1]. Einstein’s General Relativity (with β = 1√
6
and V = − q(2κ)2 [R − 2Λeff]) is thus
a particular realization of this wider class of theories. It has been shown elsewhere that this Hamiltonian produces
the equations of motion of Einstein’s theory, with an emergent lapse function which agrees with the a posteriori lapse
function of General Relativity[1, 2, 4].
In lieu of utilizing the momenta, Klauder’s momentric [7] variables, π¯ij := qjkπ¯
ik confer many advantages[3]. The
fundamental commutation relations are,
[q¯ij(x), q¯kl(y)] = 0, [q¯ij(x), π¯
k
l (y)] = i~E¯
k
l(ij)δ(x− y),
[π¯ij(x), π¯
k
l (y)] =
i~
2
(
δkj π¯
i
l − δil π¯kj
)
δ(x − y);
(2)
wherein E¯ij(mn) =
1
2
(
δimqjn + δ
i
nqjm
)− 13δijqmn is the vielbein for the supermetric G¯ijkl = E¯mn(ij)E¯nm(kl). Among other
advantages, the quantum momentric operators and commutation relations can be explicitly realized in the metric
representation by
π¯ij(x) =
~
i
E¯ij(mn)(x)
δ
δq¯mn(x)
=
~
i
δ
δq¯mn(x)
E¯ij(mn)(x) = π¯
†i
j (x), (3)
which are self-adjoint on account of [ δδq¯mn(x) , E¯
i
j(mn)(x)] = 0. Besides generating SL(3, R) transformations of q¯ij ,
these eight momentric variables remarkably generate at each spatial point, an su(3) algebra[3].
It is desirable to express the square-root form of the Hamiltonian density as a (semi)positive-definite and self-
adjoint object, H¯ =
√
Q
†i
j Q
j
i + qK, with positive coupling K for the bare cosmological constant term allowed by the
2symmetries of theory. Positivity of the Hamiltonian and explicit 3dDI can be achieved by introducing the interactions
through
Qij = e
WT π¯ije
−WT = ~i E¯
i
j(mn)[
δ
δq¯mn
− δWTδq¯mn ]
= ~i E¯
i
j(mn)
δ
δq¯mn
+ iα~
√
qR¯ij + ig~C˜
i
j; (4)
wherein[9] WT =WCS +WEH =
g
4
∫
ǫ˜ijk(Γlim∂jΓ
m
kl +
2
3Γ
l
imΓ
m
jnΓ
n
kl) d
3x+α
∫ √
qRd3x i.e. WT is a linear combination
of WCS , the Chern-Simons functional of the affine connection of the spatial metric, and the spatial Einstein-Hilbert
action,WEH . The Cotton-York tensor density is traceless and expressible as C˜
i
j = E¯
i
j(mn)
δWCS
δq¯mn
; and R¯ji is the traceless
part of the Ricci tensor. It follows that the Hamiltonian density is
H¯ =
√
Q
†i
j Q
j
i + qK
=
√
π¯
†j
i π¯
i
j + ~
2(gC˜ij + α
√
qR¯ij)(gC˜
j
i + α
√
qR¯
j
i ) + iα~
√
q[π¯ij , R¯
j
i ] + qK . (5)
Moreover, it can be verified explicitly that [π¯ij , C˜
j
i ] = 0, so there is no Cotton-York contribution in the commutator
term in (5).
While Q†ij and Q
i
j are related to π¯
i
j by e
∓WT similarity transformations, they are non-Hermitian and generate
two unitarily inequivalent representations of the non-compact group SL(3, R) at each spatial point; whereas the
momentric π¯ij =
1
2 (Q
†i
j + Q
i
j) generates a unitary representation of
∏
xSU(3)x. In fact, the commutator term in H¯
can be identified as
iα~
√
q[π¯ij , R¯
j
i ] = [Q
†i
j , Q
j
i ]. (6)
In the functional Schrodinger representation, the commutator at coincident spatial position can be expressed as
[Q†
i
j(x), Q
j
i (x)] = α~
2√qE¯ij(kl)(x)
δR¯
j
i (x)
δq¯kl(x)
. (7)
Using δRac =
1
2q
bd(∇b∇aδqcd +∇b∇cδqad − ∇b∇dδqac − ∇a∇cδqbd), and ∂q¯ab∂q¯cd =
1
2 (δ
c
aδ
d
b + δ
c
bδ
d
a) − 13 q¯abq¯cd (wherein
q¯cd is the inverse unimodular metric), the point-split result is
E¯ij(kl)(x)
δR¯
j
i (y)
δq¯kl(x)
= −(5
6
∇2 + 5
3
R)δ(x− y). (8)
Thus
[Q†
i
j(x), Q
j
i (y)] = −c1α~2
√
q(x)(c2∇2x +R)δ(x− y); c1 =
5
3
, c2 =
1
2
. (9)
The x = y coincident limit is divergent, and requires regularization which will be addressed below.
The main objective of this work is to demonstrate the emergence of the Einstein Ricci potential from H¯ =√
Q
†i
j Q
j
i + qK. Full canonical analysis of the physical degrees of freedom of Einstein’s theory and its extension
to Intrinsic Time Gravity has been completed in Ref.[6].
HEAT KERNEL REGULARIZATION, AND EMERGENCE OF EINSTEIN’S THEORY
The heat kernel, K(ǫ;x, y) with limǫ→0K(ǫ;x, y) = δ(x − y), presents the means to regularize the coincident limit
in (9) for generic metrics. It satisfies the heat equation,
∇2K(ǫ;x, y) = ∂K(ǫ;x, y)
∂ǫ
; (10)
and in terms of Seeley-DeWitt coefficients an, 2σ(x, y) the square of the geodesic length, and ∆V the Van Vleck
determinant,
K(ǫ;x, y) = (4πǫ)−
3
2∆
1
2
V (x, y)e
− σ(x,y)2ǫ √q
∞∑
n=0
an(x, y;∇2)ǫn, (11)
3wherein ǫ is of dimension L2. In the coincidence x = y limit, the coefficients for closed manifolds are[8]
a0 = 1; a1 =
R
6
; a2 =
1
180
(RijklRijkl −RijRij) + 1
30
∇2R+ R
2
72
; ... (12)
The coincidence limit of limǫ→0K(ǫ;x, y) = δ(x − y) is a regularization of δ(0), with K(ǫ;x, x) =√
q(4π)−3/2
(
a0ǫ
−3/2 + a1ǫ−1/2 + a2ǫ1/2 + . . .
)
; and as regularization of ∇2δ(0) we may take the coincidence limit of
the heat equation, limǫ→0
[
∇2K(ǫ;x, x) = ∂K(ǫ;x,x)∂ǫ
]
. To wit,
∂K(ǫ;x, x)
∂ǫ
=
(
− 3
2ǫ
+
a1 + 2a2ǫ+ . . .∑∞
0 anǫ
n
)
K(ǫ;x, x)
=
√
q(4π)−
3
2
(
−3
2
ǫ−
5
2 − a1
2
ǫ−
3
2 +
a2
2
ǫ−
1
2 + . . .
)
(13)
as a Laurent series. Substituting, as regularizations, limǫ→0K(ǫ;x, x) for δ(0) and limǫ→0
∂K(ǫ;x,x)
∂ǫ for ∇2δ(0), the
regularized coincident limit of (9) takes the form
[Q†
i
j(x), Q
j
i (x)] = limǫ→0 −αc1~2
√
q
[
c2
√
q(4π)−
3
2
(
−3
2
ǫ−
5
2 − a1
2
ǫ−
3
2 +
a2
2
ǫ−
1
2 + . . .
)
+
√
q(4π)−
3
2
(
ǫ−
3
2 a0 + a1ǫ
− 12 + . . .
)
R
]
= limǫ→0 − αc1~
2q
(4πǫ)
3
2
[
−3c2
2ǫ
+
(12− c2)R
12
+ (a1R− c2 a2
2
)ǫ+ termswith ǫn≥2
]
; (14)
wherein 12−c212 R = a0R− c22 a1. This yields the Hamiltonian density
H¯ =
√
Q
†i
j Q
j
i + qK
= limǫ→0
√√√√√√
π¯
†j
i π¯
i
j + ~
2(gC˜ij + α
√
qR¯ij)(gC˜
j
i + α
√
qR¯
j
i )+
q
(
K + 3αc1c2~
2
16π
3
2 ǫ
5
2
)
− αc1~
2q
(4πǫ)
3
2
(12− c2
12
R+ (a1R− c2 a2
2
)ǫ
)
.
(15)
In the theory there are three fundamental coupling constants: g,K and α. In the limit of regulator removal with
ǫ→ 0, the divergent ǫ− 32 term can be countered by α. To yield the correct Newtonian limit, the renormalized finite
value is identified phenomenologically, with 1(2κ)2 =
αc1~
2
(4πǫ)
3
2
(12−c212 ) . Thus α =
12(4πǫ)
3
2
c1~2(12−c2)(2κ)2 , and finiteness of
κ implies α→ 0 as ǫ→ 0. Furthermore, it is noteworthy that the theory actually produces all the Seeley-DeWitt
coefficients an, but these higher curvature terms associated with higher powers of ǫ in (15) all disappear upon regulator
removal, leaving behind just the first Einstein Ricci scalar term with the − 1(2κ)2 coupling constant.
The naive effective cosmological constant Λeff can be read off from
2Λeff
(2κ)2 = (K + 3αc1c2~
2
16π
3
2 ǫ
5
2
). For positive K, this
naive value of Λeff diverges as upon regulator removal; however, zero point energies (ZPE) of other bosonic and
fermionic fields (which have, respectively, positive and negative ZPE) have not been taken into account, and they
all contribute to the net cosmological constant. In the SU(3) × SU(2) × U(1) Standard Model with bosonic Higgs
and gauge fields, and three generations of fermions, it is well-known that there are “too many fermions”, resulting in
the overabundance of net negative ZPE. With all ZPE, together with the contribution from a positive K taken into
account, the net renormalized Λeff may well be positive and finite.
The final Hamiltonian in the limit of regulator removal in (15) becomes
HPhys =
1
β
∫
H¯(x)d3x, H¯ =
√
Q
†i
j Q
j
i + qK =
√
π¯
†j
i π¯
i
j + ~
2g2C˜ijC˜
j
i −
q
(2κ)2
(R − 2Λeff). (16)
Apart from the extra Cotton-York potential[10], Einstein’s theory emerges wonderfully, and in a whole new light.
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